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Abstract 

Following a hypothetical leakage from a deep-rock nuclear waste repository, radionu

clides may migrate through the geosphere to the biosphere. Since most nuclides are 

retarded during the migration process, the geosphere is considered part of the multi

barrier system. Hence it is of interest to understand the relevant retention processes in 

the fractured rock of the geosphere. 

Radionuclide transport in fractured media is controlled by advection and mass trans

fer processes. Advection primarily takes place along single fractures, whereas mass 

transfer such as surface sorption and matrix diffusion occurs at the fracture surfaces. 

Aperture heterogeneity thus affects both advection and mass transfer characteristics. 

This spatial heterogeneity, in combination with sparse aperture measurements, results 

in a prediction uncertainty with implications for both fracture characterization in the 

field and for safety assessment applications. 

An analytical solution for the mass flux in a single fracture is derived using the 

stochastic Lagrangian travel time approach. Combined matrix diffusion and equilibrium 

sorption (matrix and surface) are incorporated in the analysis. The solution is dependent 

on three variables: the conservative solute travel time, T, a parameter accounting for 

solute characteristics, K, and a parameter related to the fluid discharge and surface 

available for diffusion and sorption, /3. Based on the analytical mass flux solution and 

underlying moments of /3 and T, the first two mass flux moments and first two moments 

of the time for a given accumulated mass fraction are derived. 

The results are illustrated for a kinematic flow path with pre-defined aperture and 

width statistics. The moments of /3 and T are derived analytically for the simplified flow 

case. The effect of variability and spatial correlation structure of aperture and width on 

the mass flux moments and moments of the time for a given accumulated mass fraction 

are investigated. The implications of the results for field-scale tracer test ( characteri

zation) and for safety assessment applications are discussed. The possible correlation 

between travel time, T, and parameter /3 for increasingly complex flow conditions and/ or 

evolving scales is identified as a key issue in both applications. 



Sammanfattning 

Radionuklider kan transporteras genom geosfaren till biosfaren efter ett hypotetiskt 

lackage i ett djupforvar for radioaktivt avfall. Geosfaren betraktas som en del av fl.er

barriarssystemet eftersom de fiesta nuklider utsatts for retention under transporten. 

Salunda ar <let av intresse att oka forstaelsen for de relevanta retentionsmekanismerna i 

geosfarens sprickiga berg. 
Transport av radionuklider i ett sprickigt medium styrs av advektion och mass

overforingsprocesser. Advektion sker huvudsakligen langs med enskilda sprickor, medan 

massoverforingsprocesser sasom ytsorption och matrisdiffusion sker vid sprickytorna. 

En heterogenitet i sprickapertur kommer salunda att paverka bade advektions- och 

massoverforingskarakteristik. Denna rumsliga variabilitet kombinerad med fa matningar 

resulterar i en prediktionsosakerhet som far konsekvenser for bade sprick-karakterisering 

i falt samt for olika tillampningar inom sakerhetsanalys. 

En analytisk losning for massfl.odet i en enskild spricka harleds med hjalp av en 

stokastisk-lagrangisk analys for transporttider. Analysen inkorporerar kombinerad ma

trisdiffusion och jamviktssorption (matris- och ytsorption). Losningen beror pa tre vari

abler: den konservativa transporttiden, T, en parameter som beror pa det transporterade 

arnnets egenskaper, K,, samt pa en parameter som kan relateras till fl.ode och tillganglig 

yta for diffusion och sorption, (3. De tva forsta statistiska momenten for massfl.odet 

sarnt for tiden att uppna en given kumulativ massfraktion harleds och baseras pa den 

analytiska massfl.odeslosningen samt pa de underliggande statistiska momenten av (3 och 

T. 

Resultaten illustreras for en kinematisk fl.odesbana med fordefinierad statistik for 

apertur och fl.odesbredd. De statistiska mornenten for (3 och T harleds analytiskt for 

detta forenklade fl.odesfall. De resulterande massflodes- och tidsrnomentens beroende 

pa korrelationsstruktur samt pa rumslig variabilitet i apertur och fl.odesbanans bredd 

undersoks. Vidare diskuteras resultatens konsekvenser for faltskaliga sparamnesforsok 

(karakterisering) samt for sakerhetsanalys. Under allt mer komplexa flodesforhallanden 

och/ eller okande rumsskalor identifier as en eventuell korrelation mellan transporttiden, 

T' och parametern (3 som en central £raga i de tva tillampningarna. 
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1 Background 

The controlling mechanisms of radionuclide migration in fractured media are advection 

by groundwater and exchange of radionuclide mass with the rock matrix. The advection 

is believed to take place primarily along fractures, whereas the mass transfer occurs 

from the mobile water in the fractures to the stagnant water of the rock matrix by 

diffusion and sorption. Matrix diffusion is potentially an important process in the reten

tion of radionuclides escaping from a repository for nuclear waste in the bedrock (e.g., 

Neretnieks, 1980; Abelin, 1985; Frick et al., 1992; Neretnieks, 1993; Olsson et al., 1995). 

Recently a comprehensive experimental program has been initiated at the SKB Aspo 

Hard Rock Laboratory, focused on evaluating tracer retention mechanisms on different 

scales ( Winberg, 1994). 

In spite of the effort over the past few decades to understand tracer retention in 

fractured rock, a number of open questions still remain. One important unresolved 

issue is how the flow path geometry, specifically the surface area available for sorption, 

influences matrix diffusion as well as surface sorption ( e.g., Moreno and Neretnieks, 1993, 

More no et al., 1995) and how it can be characterized in the field (e.g., Olsson et al., 

1995). A related question is how to assess the prediction uncertainty resulting from the 

natural variability in flow path geometry. 

Most of the currently available analytical models of transport in fractures that ac

count for matrix diffusion are based on flow paths defined as uniform rectangular chan

nels (e.g. Moreno and Neretnieks, 1993). Analytical models that account for the vari

ability in fracture transmissivity also assume uniform fracture aperture for diffusion 

( Cvetkovic, 1991 ). Numerical models for tracer transport in fractures with variable 

aperture that account for matrix diffusion and sorption are available ( e.g. More no et al. 

(1995) based on Moreno et al. (1988)). 

In this study we propose a theoretical framework that incorporates matrix diffusion 

combined with equilibrium sorption within the Lagrangian travel (residence) time ap

proach. We define a kinematic prototype of a flow path that is believed to capture the 

essential features: spatial variability of the aperture and width, and derive an analytical 

model for coupled tracer advection and mass transfer for transport in fractures. The 

considered flow path model is consistent with the ideas presented by 0. Olsson in Olsson 

et al. (1995). The theoretical results presented in this report generalize the result of 

Cvetkovic ( 1991). Also, the results of this report can be shown to be a particular case 

within a more general framework proposed by Cvetkovic and Dagan (in preparation) 
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where the Lagrangian approach to coupled advection-reaction processes in heteroge

neous formations ( Cvetkovic and Dagan, 1994, 1996; Dagan and Cvetkovic, 1996) has 

been extended to account for the heterogeneity in reaction parameters. 

Due to flow path heterogeneity, the residence time will be random, and the parame

ter governing matrix diffusion and sorption will also be random. Analytical expressions 

for the resulting mass flux moments are derived in terms of these random parameters. 

In the illustration examples, the effect of hypothetical (generic) flow path geometries is 

investigated. A simple expression is derived for estimating the mean and variance of the 

arrival time of a given radionuclide mass fraction, from a repository to the biosphere. We 

also discuss the type of modelling studies that combined with field and laboratory exper

iments can contribute towards more accurate characterization of retention mechanisms 

in the field. 
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2 Problem formulation and scope 

2.1 Retention of radionuclides and safety assessment 

We consider a hypothetical radionuclide release from a canister at A, and at time t0 

after the closure of a repository (Figure 2.1). The release can be a pulse or continuous; 

for illustrative purposes we shall consider a pulse. The radionuclide is advected by 

groundwater along a flow path from A to B, where B is the point of radionuclide 

discharge into the biosphere (Figure 2.1). Since the size of the release location A is 

anticipated small in comparison to the scale of the transport problem (i.e., distance 

AB), we neglect the dispersion due to flow heterogeneity within the flow path AB. Thus 

if the radionuclide is not subject to mass transfer (i.e., retention) or decay, the pulse 

would arrive at B intact; however, its time of arrival, T, would be uncertain due to flow 

heterogeneity. The corresponding cumulative mass arrival would be a step function i.e., 

all released mass would arrive at time T, that coincides with the groundwater residence 

time between AB, counted from the release time t0 (Figures 2.2a and 2.2b, case K* = 0). 

In the general case, a radionuclide released at A is subject to physical mass transfer 

( diffusion) and sorption, as well as to decay, as it is advected by groundwater toward the 

discharge point B. To make the effects of retention more apparent, we neglect decay. 

The qualitative effect of diffusion and sorption is illustrated in Figure 2.2, where the 

parameter K* is proportional both to the rate of diffusion and sorption in the matrix; 

K* = 0 implies conservative transport, i.e. pure advection. For high K*, the dose of the 

radionuclide discharge into the biosphere at B, may be significantly reduced, and also 

shifted in time allowing for more substantial decay. If sufficiently strong, the retention 

processes may radically transform the discharge of radionuclides into the biosphere, as 

compared to conservative (nonreactive) advective transport. In the safety assessment 

context, it is therefore critical to provide a realistic evaluation of the possible retention 

likely to take place in the bedrock. 

2.2 The general configuration 

We consider a host rock formation where groundwater flow takes place along conducting 

fractures. For simplicity, the fractures are conceptualized as essentially two-dimensional 

features. The advection flow path from the canister A to the biosphere B, is assumed 

to take place along a path possibly connecting many single fractures, thus forming a 

three-dimensional network (Figure 2.3). It is convenient to focus our following analysis 

on a single fracture, although the results are applicable to the entire network; this will 
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be discussed subsequently. 

2.3 Kinematic prototype of a flow path in a fracture 

In a two-dimensional fracture plane, flow paths which are dependent on the scale of the 

release point A are obtained from streamlines. In Figure 2.4 one such flow path within 

a fracture plane is indicated by thick marking of two adjacent streamlines, obtained 

by solving the 2D flow equation with spatially variable transmissivity. Thus the actual 

advection flow paths in fractures are artifacts of the flow dynamics, including the het

erogeneous aperture distribution and the flow and mass injection boundary conditions. 

In the present investigation, we shall make a major simplification and neglect the flow 

dynamics. The basic configuration to be adopted in the following is a generalization of 

the kinematic flow path proposed by 0. Olsson ( Olsson et al., 1995) (Figure 2.5). The 

use of the kinematic flow path is consistent with the current understanding of solute 

transport in fractures. It is generally hypothesized that flow in fracture planes occur in 

well-defined channels such as the one proposed here. 

Consider a hypothetical flow path in a fracture shown in Figure 2.6a. For a given fluid 

discharge Q, the fluid velocity is a random space function (RSF) due to the variability 

in the cross-sectional area. We shall assume this area to be rectangular, defined as a 

product of a width (w) and an aperture (2b), both of which are RSFs and defined as 

functions of x 1• 

Although a flow path may meander arbitrarily within a fracture plane, this fact is 

irrelevant in the present context. In particular, the relevant flow path cross-sectional 

area is the one orthogonal to the mean flow, since it determines the fluid ( and tracer) 

residence time across the fracture. Thus we define the kinematic prototype of a flow 

path in lD, with varying width and aperture along x1 , that can in effect represent an 

infinite number of 2D flow paths with the same width w(x 1 ) and half-aperture b(x1); 

in Figure 2.6b a sketch of two possible (meandering) realizations from the same single 

(straight) flow path prototype, is presented. The flow path is "sliced" by elementary 

surfaces that are orthogonal to the mean flow, with elementary volumes evaluated as 

dAdx 1 where dA = 2bw (Figure 2.7a and 2.7b). 

2.4 Scope 

The objective of this report is to use the simplified kinematic representation of a flow 

path (Figures 2.6-2. 7) and to analyze the impact of flow path geometry on the tracer 
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retention in fractures. We shall consider a relatively wide range of correlation structures 

for w and b, and show how these affect tracer retention. We identify a key parameter 

for mass transfer, and discuss its significance for field-scale characterization, as well as 

for safety assessment. Even though the presented theory is developed based on the 

kinematic prototype of a flow path, most of the results are general and applicable to 

transport in a two-dimensional fracture with spatially variable aperture. This point will 

be discussed in Section 7. 

Fractured rock mass 

A 

Figure 2.1 Single flow path from radionuclide release point A to point of 

discharge into the biosphere B. 
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Figure 2.2 Mass flux (a) and cumulative mass arrival (b) at B for a conservative 

radionuclide("'* = 0) and for reactive radionuclides with "'3 > "'2 > "'i. 
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0 

Figure 2.3 Single flow path meandering through several individual fracture planes 

on its way from release point A to discharge point B. 

Figure 2.4 Streamlines and a single flow path in a two-dimensional fracture plane. 

Figure 2.5 Kinematic flow path with discretely varying aperture and width. 
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a 

APERTURE 

b 

Figure 2.6 a) Hypothetical flow path in a fracture. b) Two flow path realizations 

with meandering shape, and resulting prototype flow path representing 

each of the meandering flow paths. 
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Figure 2. 7 Fracture in x1 - x 2 plane with varying velocity Vi ( x1 ) along the flow 

path. b) Elementary volume along the flow path with the cross-sectional 

area dA indicated by shading. 
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3 Theory 

3.1 Transport in fractures 

Consider a tracer injected into a fracture at x 1 = 0 (Figure 2.7a). The tracer is advected 

by the fluid along a distinct flow path of discharge Q; conservation of fluid mass implies 

Q =const. The tracer exchanges mass with immobile fluid in the matrix and the solid 

of the fracture surface. 

We denote by C [M L-3] the mobile tracer concentration (in fractures), and by N 

[ML-3 ] the immobile tracer concentration (in the rock matrix), where N is defined per 

unit pore water. The mass balance equations are written along x 1 and x 3 (Figure 2. 7b) 

as 

(1) 

(2) 

where VJJ and VJm are source terms in the "fracture" (mobile fluid) and the rock "matrix" 

(immobile fluid/solid), respectively, with dimensions [MT- 1 L-3 ]; these depend on C, 

N, their gradients, etc., and on a set of parameters that control the mass transfer and 

ultimately the retention of the tracer. S and Im are tracer fluxes in the fracture and the 

rock matrix, respectively, with dimensions [MT- 1 L- 2]. 

In order to solve the transport problem, we make the following two assumptions: 

(i) Transport in the fractures is by advection only, i.e. we neglect the effect of local 

dispersion, e.g. due to the fluid velocity fluctuations within a given flow path; hence 

(3) 

where dA(x 1 ) = 2b(x1 )w(x1 ) is the cross-sectional area of a flow path at x1 , that is 

proportional to the "flow porosity," and ½ = Q / dA is the fluid velocity component 

parallel to x 1 along a flow path (Figure 2.7a and 2.7b). 

(ii) Transport in the rock matrix is by diffusion only, i.e. tracer movement in the 

rock matrix by fluid advection is neglected. Furthermore, we shall consider only the 

concentration gradients in the rock matrix that are orthogonal to the fracture plane 

(x 1 - x2 ) (Figure 2.7b ), and neglect the effect of gradients parallel to the fracture; hence 

(4) 
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with D being the diffusion coefficient in the rock matrix. 

In addition to the diffusive mass transfer of the tracer from the flow path to the rock 

matrix, we consider tracer retention due to linear equilibrium sorption, both in the rock 

matrix and over the contact surface. The source term 'lj;1 is thereby decomposed as 

(5) 

where 'l/Jj is the source component due to equilibrium sorption, and 'l/JJ is the as yet 

unspecified rate of tracer mass transfer between the flow path and the rock matrix due 

to diffusion. 

3.2 Key processes 

Advection 

The Lagrangian trajectory of a tracer injected at t = 0 at x 1 = 0 in the fracture is X1 ( t) 

and is obtained by solving the integral equation X1 (t) = Ji ½[X1 (t')] di'. The advective 

(groundwater) residence time, T, is evaluated by inverting, X 1 (t), as T = X11 (xi), or 

directly from 
{x1 dx' 2 {x1 

T(x1) = lo ½(:D = Qlo b(x~)w(x~)dx~ (6) 

where the latter expression is obtained using ½ = Q / dA. 

Diffusion 

We define the source term for the tracer in the mobile fluid due to diffusive mass transfer 

as 
(7) 

where 0 is the matrix porosity assumed spatially uniform. With (5) and (7), the mass 

balance equations (1) and (2) become 

(8) 

(9) 
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Equilibrium sorption 

The source term in the fracture and the matrix are respectively written as 

(10) 

where C' and N' are the sorbed concentrations on the contact surface, and in the rock 

matrix, respectively; the superscript "s" on 'l/Jj denotes the part of 'l/J1 due to equilibrium 

sorption. Hence we can write 

N' = I<Y" N (11) 

where I<f and K;, are the distribution coefficients on the fracture surface and in the 

matrix, respectively. 

Coupling equilibrium sorption with matrix diffusion then yields mass balance equa-

tions in the form ac as en aN 
RJ(xi) at + ax1 = b(x1) ax3 

(12) 

aN D 82N 
-=--- (13) 

where 
(14) 

Mass flux formulation 

In the following, similar steps are used as those presented in Cvetkovic (1991). Substi

tuting (3) into (12), and multiplying (12) and (13) by Vi, we obtain 

as as en aN* 
R1(x1)--;;;- + Vi(x1)~ = -b() ~ 

ui UX1 X1 uX3 
(15) 

&N* D &2N* (16) 

where 

N*=NVi 

N* does not have an apparent physical interpretation and can be considered as an 

auxiliary quantity; our prime objective is to solve (15)-(16) for the tracer mass flux in 

the fracture, S. 
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3.3 Solution for the flux 

In order to solve (15)-(16), the initial and boundary conditions are defined as follows. 

We consider a pulse injection 

S(O, t) = po8( t) (17) 

where p0 [M L-2] is the density of the injected tracer, defined as mass per unit injec

tion area. Initially, both the fracture and the matrix do not contain any tracer; hence 

C(x1, 0) = N(x 1 , 0) = 0, or after multiplication by½, 

(18) 

Furthermore, we assume the matrix to be large (unbounded). An additional condition 

is C = N for x 3 = 0 (Figure 2.7b), or after multiplication by½, 

S=N* for X3 = 0 (19) 

where C (i.e., S) is independent of x 3 . 

The solution of (15) and (16) for Sis obtained using Laplace transform as (Appendix, 

9.1) 
(20) 

where 
H(i-T-K1f3);,,f3 [ -;,,2/32 l 

,(t,T;/3) = 2y0r(i-T -KJ/3)312 exp 4(i-T -KJ/3) 
(21) 

and H() is the Heaviside step function. In addition to the water residence time, T, the 

other two parameters that control, in (21) are ;,, and /3. ;,, is a constant defined by 

(22) 

whereas f3 is 

[x1 dx' 
f3(xi) = Jo ½(xi)~(xD 

(23) 

Using Q = ½ dA = ½2bw, we can write 

(24) 

where q = Q /2 is the fluid discharge through the half-fracture area bw. Thus the 

parameter f3 is equal to the total area in contact with the rock matrix, normalized by 
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the volumetric water flux, q. If the width is constant w =const., then f3 = wxif q is 

constant along a flow path, and we recover the case commonly used in analytical models 

of diffusive mass transfer in fractures (e.g., Moreno et al., 1995). For a similar set of 

equations as (12) and (13), Lee et al. (1990) have presented a solution expressed in terms 

of the concentration C where additional spatial variability in the diffusion coefficient may 

be accounted for. 

If the sorption on the contact surface is negligible, Kj = 0 and 

(25) 

In (21) and (25), f3 is the critical parameter that characterizes retention due to 

diffusion into the rock matrix, as well as due to sorption along the contact surface. 

We emphasize that the results (21) and (25) are independent of the simplified flow path 

geometry, and are applicable to two-dimensional flow in a fracture with variable aperture. 

This can be shown using the transformations of Cvetkovic and Dagan (1994) and Dagan 

and Cvetkovic (1996), as demonstrated in Cvetkovic and Dagan (in preparation) for 

sorption in heterogeneous granular aquifers. 

The water residence time to the control plane at x 1 is given by (6), which using 

q = Q /2 is expressed as 

(26) 

Note that from (24) and (26), a definition of an effective fracture half-aperture is obtained 

as 
(27) 

The half-aperture (27) is a mass balance aperture following the notation introduced by 

Tsang (1992). 

3.4 Mass flux moments 

In order to evaluate the expected tracer mass flux at the control plane x 1 , we observe 

that both the parameter f3 and the water residence time T are random variables. In 

general, f3 and T will be correlated since both parameters are dependent on the RSF w, 

cf. (24) and (26). Thus we define a joint pdf h( T, (3; x 1 ), and the expected tracer flux is 

obtained as 
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and the variance of the tracer flux as 

If (3 and Tare assumed independent (uncorrelated) random variables, the joint pdf may 

be written as h( T, (3; x 1 ) = g ( T; x 1 ) g ((3; x 1), where g is a univariate pdf. Using the 

univariate pdf for (3, we can define the mass flux moments for the simplifying case where 

we assume T to be a constant or effective valuer. The expected value is then obtained 

as 

(30) 

and the variance as 

(31) 

Analogous equations using g may be derived for the case where an effective value (3 is 

defined and the random variable is T. The pdf g( T; x 1 ) is then simply the fluid residence 

time distribution for an ensemble of flow paths obeying the specified half-aperture and 

width statistics. 
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4 Visual representation of flow path structure 

In the following we assume specific distributions and correlation structures for the half

aperture and width RSFs, and visually compare the resulting flow paths. In the sequel, 

we shall use the flow path statistics to evaluate the mass flux moments derived in the 

previous section. 

For illustrative purposes, we assume that the half-aperture and width along a flow 

path are lognormally distributed according to 

(32) 

where Y and Z are independent, normally distributed RSFs of zero mean and given 

covariance, and ba and wa are the geometric means of b and w, respectively. The 

parameter a is the slope of the straight line expressing perfect correlation between ln b 

and ln w if the variance of Z is zero, i.e. oJ = 0. We shall assume -1 :::; a :::; 1. The 

coefficient of correlation between b and w is thus a function of a and of the relative 

difference in variability between Y and Z. In the present context the specific statistical 

model of the flow path geometry is generic. 

In a computational representation, the flow path is constructed from a series of 

elements of the type shown in Figure 2. 7b. By using a small enough discretization dx 1 

along the flow path, a flow channel with seemingly continuous change in aperture and 

width is obtained. A sketch of a prototype of a flow path is presented in Figure 2. 7 a in 

a planar view. 

In order to construct a flow path, spatial correlation models for the RSFs have to be 

assumed. We consider first an exponential spatial correlation model 

p ( r) = exp ( -r /a) (33) 

where p is the correlation coefficient, r is the separation distance and a is the correlation 

distance of the variable of interest, i.e. Y or Z, in the x1 direction; for this model, the 

correlation distance is equal to the integral scale I. The resulting correlation function 

C(r)/C(O) = exp(-r/a) is plotted in Figure 4.1 for different correlation distances a. It 

is observed that the horizontal axis is normalized with the correlation distance a = ar, 

where the subscript r denotes a reference case where the total length of the flow path 

is lOar. For this case, the correlation is practically zero at a distance x 1 = 3ar. This 

distance is called the correlation range. When the correlation distance is increased to 

a = 2ar, the correlation function has a longer range. The opposite is true when the 

correlation distance is reduced to a= 0.5ar. 
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A different correlation model is the Gaussian model which is given by 

(34) 

In Figure 4.1 the correlation function is presented for the Gaussian model with a corre

lation length a = J3ar. The choice of a implies that the range over which values are 

correlated is the same as for the exponential model with a = ar; the range of the Gaus

sian model is }3a. However, the Gaussian model has stronger correlation for distances 

shorter than the correlation range, and weaker correlation only for distances longer than 

the correlation range. 

In Figure 4.2a-4.2f several realizations of different flow path geometries are presented. 

In each figure, five individual realizations are plotted where the width is given by (32). 

The horizontal axis in a figure is the flow path distance normalized with the correlation 

distance of the reference case. On the vertical axis the flow path width is represented 

normalized with the geometric mean width, i.e. the distance between two closely adja

cent streamlines represents w (x 1 ) /wa. The scale of the vertical axis is identical in all 

figures; thus a quantitative comparison is possible. 

In Figure 4.2a the result of five realizations with the width statistic given by a = 0 

and oJ = 0.15 is presented. The flow paths are characterized by fairly erratic shapes; 

the width fluctuations are induced by the short integral scale ( Iz) relative to the length 

scale of the flow path. Increasing the integral scale by a factor two (Figure 4.2b), or 

decreasing the integral scale by a factor two (Figure 4.2c), results in smoother or even 

more erratic flow paths, respectively. This can also be deduced from the correlation 

functions in Figure 4.1; a shorter correlation length results in a correlation function 

with steeper drop. 

When the width is correlated to the half-aperture through the parameter a, a more 

erratic flow path also emerges. This is due to the fact that Y and Z are independent 

RSFs. In Figure 4.2d it is assumed that a = -1 and that both the Y- and Z-statistics 

are identical to the Z-statistic in Figure 4.2a. The reason for assuming a negative a is 

that for large aperture values one may expect that the width of the flow path decreases 

due to continuity. 

More erratic flow paths are also produced by increasing the width variance; in Figure 

4.2e five flow paths are presented for a case where the variance of Z is increased by a 

factor five, i.e. oJ = 0.75. Furthermore, a smoother and more continuous flow path 

can be obtained by a spatial correlation function with a higher degree of correlation for 

shorter separation distances, e.g. the Gaussian correlation model presented in Figure 
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4.1. The resulting flow paths for the Gaussian model are presented for a case with 

oJ = 0. 75 and a = \/'3ar in Figure 4.2£. 

Finally we note that the kinematic model of a flow path proposed by 0. Olsson in 

Olsson et al. (1995) (Figure 2.5) is obtained by assuming the correlation coefficient for 

both b and w in the form 

p ( r) = ( 1 - r / L) for r < L (35) 

and p = 0 for r > L, where L - Li, i.e. the segments are assumed constant. If 

the segment length is variable according to a given distribution, p( r) takes a more 

complicated form (see e.g. Cvetkovic et al., 1991). 
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5 Mean and variance of mass flux 

In the present section, the resulting mass flux moments will be evaluated based on /3 

and , statistics for the flow path configurations analyzed above. If both /3 and , are 

considered random, the mass flux moments are given by (28) and (29); if only /3 or, is 

random, expressions of the form (30) and (31) yield the expected mass flux and mass flux 

variance. For comparative purposes, we shall separately analyze the mass flux moments 

when only /3 is variable while , = T is constant, and when only , is variable and /3 = /3 
is constant. We shall also compare both cases with the "deterministic" case, when the 

variability in both , and /3 is neglected, and constant (best estimates) are used as /3 = /3 
and,= T. 

The ensemble moments of /3 and , are derived analytically based on the underlying 

statistics of Y and Z. The derivations, which are presented in the Appendix (9.2), are 

exact and provide integral expressions for the variances and covariance of /3 and , . 

The first two moments of /3 are obtained as (Appendix, 9.2) 

and 

[ 
2 2 l - WQX1 2 O"y CYz 

/3(x1 ) = --exp a-+ -
q 2 2 

(36) 

(37) 

• fox 1 (x1 - x) [exp [a 2Cy (x) + Cz (x)] - 1] dx 

where Cy and Cz are given in (33) or (34). 

The first two moments of the residence time,,, are obtained as (Appendix, 9.2) 

and 

(38) 

(39) 

· fox 1 (x1 - x) [exp [(a+ 1)2 Cy (x) + Cz (x)] - 1] dx 

respectively. The behavior of the /3 and T moments for width and aperture statistics 

pertinent to the flow paths of the previous section is discussed in the Appendix (9.2). 
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5.1 Effect of /3 variability with T = T 

In Figure 5. la results are presented for a case where the ,8-distribution is assumed 

lognormal with moments defined in (36) and (37) with a-} = o-1 = 0.15, o: = 0, and with 

T = T given by (38). Hakami and Larsson (in press) obtained a similar fracture aperture 

variability when analyzing a well mated joint at the A.spo Hard Rock Laboratory. 

First we assume sorption in the matrix only such that the solution for I is given by 

(25). The used sorption coefficient K corresponds e.g. to a case with I<d = l m3 /kg, 

p =2400 kg/m3, 0 = 0.001 and D = 2.5 x 10-11 m 2 /s where K? in (14) is defined as 

I<? = I<dp (1 - 0) / 0 and J{d and p are a volumetric sorption ( distribution) coefficient 

and specific rock matrix density, respectively. Figure 5.la is normalized such that the 

conservative breakthrough occurs at tq/(bcwcx1 ) = exp [(o: + 1)2 o-}/2 + o-1/2]. The 

light solid line in the figure is the normalized expected tracer flux, the dotted lines are 

the normalized expected tracer fluxes plus/minus one standard deviation. The thick 

solid line is the normalized deterministic tracer flux (25) evaluated with a constant 

T = T and ,8 = 7], where 7J is given by (36). It is observed that the deterministic and 

expected tracer fluxes practically coincide; i.e. for the given variability in ,8, almost 

the same tracer flux is obtained if (25) is evaluated using the expected value of ,8 or if 

the expectation operation is carried out using the pdf of ,8 (30). However, a mass flux 

uncertainty exists for the early breakthrough and is quantified through the mass flux 

standard deviation. For larger times the prediction uncertainty is negligible. 

In Figure 5.lb the normalized parameter K is reduced by approximately a factor 

3.2, i.e. the change in Rm is 3.22 ~ 10. Compared to the case with higher matrix 

sorption in Figure 5.la, the breakthrough occurs earlier ( observe the logarithmic time 

scale and larger I scale in Figure 5.lb). Furthermore, comparing the magnitude of the 

fluxes in Figure 5.la and 5.lb, the peak flux and uncertainty around the peak flux are 

higher for the low sorption case in Figure 5.1 b. However, the flux coefficient of variation, 

CV-y = o--y/y, at the peak is approximately the same for both cases. 

In Figure 5.lc, a case with high variability in ,8 according to a-} = a-} = 0. 75 and 

o: = 0 is presented. The normalized K-value is the same as in Figure 5.la. For the 

case in Figure 5.lc, a clear discrepancy between the deterministic and expected fluxes is 

observed. The effect of the introduced variability is an enhanced and earlier peak flux. 

Thus, if one neglects spatial variability in ,8, one may underestimate the magnitude of the 

peak flux and overestimate the time of the peak flux. Furthermore, the flux coefficient 

of variation, CV-y, around the peak is larger for the case in Figure 5.lc as compared to 
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the low variability case in Figure 5.la. This implies that the prediction uncertainty is 

larger for the case with more spatial variability. The reason for the lower deterministic 

and expected fluxes in Figure 5.lc as compared to the low variability case in Figure 5.la 

are the increases in the first moments of /3 and T as given by (36) and (38), respectively. 

In Figure 5.ld, a case with combined sorption in the matrix and on the fracture 

surface is presented. For combined sorption, , is evaluated according to (21). The /3-
statistics and matrix sorption characteristics are the same in Figure 5.ld as in Figure 

5.lc; the surface sorption is defined through a normalized surface related distribution 

coefficient Ka/ba = KJ /ba = 9.6. For a geometric half-aperture of 0.1 mm, the surface 

sorption coefficient would be approximately Ka = l mm. Neretnieks et al. (1982) 

have reported Ka values of this magnitude for both strontium and cesium on Stripa 

granite. Comparing the results in Figure 5.lc and 5.ld, the effect of the additional 

surface sorption is observed in the deterministic tracer flux as a delay of approximately 

10 normalized time units. However, for the expected tracer flux, the additional surface 

sorption does not only imply a delay, but also a reduction in the peak flux. Likewise, 

a reduction in the flux variance is also observed for the surface sorption case. Thus, 

for the case of combined sorption, the underestimation of the peak flux when neglecting 

variability in /3 is smaller than for the case of sorption in the matrix only (Figure 5.lc ). 

The overestimation of the time of the peak arrival however is still apparent. 

5.2 Effect of T variability with /3 = f3 

To elucidate the effect of T variability as compared to /3 variability, we assume a log

normal pdf for T with moments defined in (38) and (39), and compute the mass flux 

moments from equations similar to (30) and (31) but with T as the random variable 

and with /3 = /3. The first moment of the pdf for T is equal to the effective r-value 

used in the previous section where /3 was assumed the random variable. In Figure 5.2a, 

results corresponding to the variability and mass transfer in Figure 5.lb are presented, 

i.e. O'f = O'~ = 0.15, a = 0, and "'Jwaxi/(qba) = 2.9. Only an insignificant discrep

ancy between the deterministic and expected mass flux is observed around the peak flux; 

however, compared to the case with small variability in /3 in Figure 5.lb, the expected 

mass flux is primarily manifested by early mass arrival prior to the conservative mean 

arrival time 'f. Furthermore, the uncertainty envelopes are of a smaller magnitude, with 

a smaller CV "Y' in Figure 5.2a than in Figure 5.1 b. Thus, spatial variability in flow 

path aperture and width are manifested quite differently when the mass flux moments 

are evaluated with T = T (Figure 5.lb) or with /3 = 7J (Figure 5.2a). Specifically, the 
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,6-pdf has a much larger influence on the mass flux uncertainty than the corresponding 

residence time pdf has. 

In Figure 5.2b the residence time variability has been increased according to oJ = 
oJ = 0.75 and a = 0. The increased variability results in an expected peak flux 

which is decreased relative to the deterministic flux (i.e. with ,6 = /3 and T = 1'} 

A significant part of the expected flux lies prior to the deterministic flux. The effect of 

the residence time variability on the expected flux is thus clearly seen in Figure 5.2b: 

a wider distribution in time with a reduced peak. Furthermore, even for the case with 

high variability in T presented in Figure 5.2b, the CV.,, at the peak is lower than for the 

case with low variability in ,6 (Figure 5.1 b ). This further emphasizes the stronger effect 

of the ,6-variability on the mass flux prediction uncertainty. 

The effect of an increase in "' is a deterministic mass flux with a delayed and dimin

ished peak. Moreover, with increasing K,-values, the flux variance and the discrepancy 

between the deterministic and expected tracer fluxes diminish. Thus, with increasing 

sorption in the matrix, the effect of residence time variability becomes smaller on the 

prediction uncertainty. Specifically, if the normalized K,-value in Figure 5.2b would be 

increased to 9.3 corresponding to the cases in Figure 5.la and 5.lc, the mass flux vari

ance would be reduced to practically zero, and the expected and deterministic fluxes 

would coincide completely. 

A more general analysis of flow path variability would be based on hypothesizing a 

bivariate distribution for T and ,6 and evaluating the mass flux moments using (28) and 

(29); such computations are not pursued in the present study. 
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6 Cumulative mass arrival 

Integrating (25) over time, we obtain the cumulative mass arrival in a dimensionless 

form,</>, as 

ef>(t,T)= t,(t',T;f3)dt'=erfc[!( 1 )
112 K-/3] 

Jo 2 t - t0 - T 
( 40) 

Thus O < ef> < 1 quantifies the fraction of the released tracer mass as a function of the 

clock time t (from closure), the release time t0 , and the groundwater/advective residence 

time, T. Note that ( 40) is applicable to continuous injection at a constant rate; ef> is then 

the relative concentration. 

The two controlling parameters are K- and /3; we assume that K- is known exactly, 

and T, /3 and t0 are known statistically. In order to more clearly focus on the effect of 

retention, we simplify the problem by setting t0 = 0, i.e. assuming that the release of 

radionuclides coincides with repository closure. As before, we restrict our discussion to 

the case where decay is negligible. 

Let t</> denote the time of arrival of a particular mass fraction, ef>. We evaluate t</> 

from 
( 41) 

as 
( 42) 

where erfc-1 denotes the inverse of the complementary error function, and ef> is specified. 

The mass fraction arrival time t</> is a random variable due to the randomness of 

the advective travel time T and the parameter /3. We proceed to compute the first two 

moments of t</> as 

( 43) 

2 4 
- -2 K, -- - K, - --2 

er2 t2 - t = er2 + - (/327 - 132 ;:;=) + -- (f34 - 132 ) 
t</> <P <P T 2F2 16F4 

(44) 

where er; is the nonreactive tracer ( or groundwater) residence time variance. When 

matrix diffusion is not present, i.e. K- = 0, the moments are reduced to the nonreactive 

travel time moments ;:;= and er;, respectively. Note that the variance of t</> for K- -=I= 0 

depends on the fourth-order moment of /3, as well as on the higher-order cross-moment 

between /3 and T. These moments are evaluated in the Appendix (9.3) for the kinematic 

flow path introduced in Section 2.3 using a first-order expansion technique. 
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In Figure 6.1 the coefficient of variation CVt"° is presented for different flow path 

configurations and for a few different values of K. The results in Figure 6.la of CVtso 

( where t 50 implies t</> for q> = 50%) for different flow path statistics show similar features 

as the results for CV(J and CV.r in Figure Ala and Alb, respectively of the Appendix 

(9.2). Specifically, CVt"° decreases with distance x; furthermore, an increased correlation 

distance az, or simultaneously increased variances of a-} and a-}, yields higher CVs. 

Contrary to the CVs in Figure Al, a pronounced non-linearity is observed for short 

distances, i.e. x 1 < ar. The non-linearity, which results from the higher-order moments 

included in a-;"°, is particularly noticeable for the case with a = -1. 

In section 5 the relatively stronger influence of variability in /3 than variability in 

T on the mass flux prediction uncertainty was qualitatively assessed through visual 

comparison of different variability cases. In ( 44) this influence is explicitly stated through 

the included higher-order moments of /3 when K -=/ 0. Specifically, for a case with 

a-} = 0.75, a-} = 0.15 and a= 0, thus resulting in a higher r-variability and the same 

/3-variability as in the reference case, the same CVt"° is observed as for the reference case 

(Figure 6.la). With a-} = 0.15, a-} = 0.75 and a= 0, the same CVt"° is observed as for 

the case with increased variance in both a-} and a-} (Figure 6. la). These features follow 

from the fact that the moments of /3, which dominate a-;"°, depend on Z only when a= 0. 

In Figure Al b of the Appendix (9.2) an increase in CV r is observed when either a-} or 

a-} is increased. For the simplified flow geometry assumed, the prediction uncertainty 

of the nonreactive travel time T depends on both aperture and width variability. The 

prediction uncertainty of the cumulative reactive arrival time iq, depends more strongly 

on the width variability alone. 

In Figure 6.1 b the effect of K on CVt"° is illustrated. Increasing K-values imply 

successively higher prediction uncertainties; however, for longer travel distances, i.e. 

x 1 > 3ar, the CVt"°-values converge at a level above the corresponding nonreactive 

CV t"° =CV r given by K = 0. Thus, the prediction uncertainty of the nonreactive travel 

time T is smaller than the prediction uncertainty of the reactive arrival time t</>. The 

implications of assuming an effective /3-value (neglecting the /3-variability) may thus 

be unconservative in performance assessment applications. The results in Figure 6.1 b 

support the findings in Section 5.1; i.e. the flux coefficient of variation at a normalized 

distance of 10 was shown to be approximately independent of the normalized sorption 

parameter. 

The difference in CV r between Figure 6.1 b and the corresponding case in Figure 

Al b of the Appendix (9.2) is a result of the first-order approximation utilized in the 
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calculations in Figure 6.1 b. A more thorough assessment of effects caused by the first

order approximation is pursued in the Appendix (9.3). 
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7 Discussion of results and implications 

7.1 General formulation 

The main result of this report is the identification of the parameter /3 defined in (23). 

Using the transformation T = r(x1 ) (for details see e.g. Cvetkovic and Dagan (1994)), 

the results of this report can be shown applicable to a 2D flow in a fracture with variable 

aperture. The parameter /3 is then a function of the residence timer: 

(45) 

that is used in (21) for evaluating tracer retention in a single fracture. The retention is 

due to matrix diffusion, and due to sorption in the matrix and on the fracture surface. 

/3 is a Lagrangian quantity, integrating the inverse aperture along a flow path. In a 

general 2D flow situation, the Lagrangian aperture is obtained b( T) = b[X( T )] similar to 

the classical Lagrangian velocity (e.g., Dagan, 1984), where X = X(r) is the advection 

trajectory. We emphasize that the result ( 45) implies that different values of /3 can be 

obtained for the same value of T = JcI" dr' since the aperture distribution may be different 

along paths yielding the same conservative travel time T. Only a statistical correlation 

between /3 and T may exist. 

The result (21) is general, i.e. independent of the simplified flow path geometry of 

Section 2.3. The parameter /3 is a kinematic quantity, however, its dependence on the 

dynamics of the flow is apparent through X(t), i.e. V(x). Models for 2D flow and 

transport in a fracture plane with spatially variable aperture ( where the flow dynamics 

is explicitly included) can thus be complemented with the result (21) and (45) such that 

these models also account for spatially variable matrix diffusion. Such complemented 

models may provide a realistic description of both conservative transport and mass 

transfer. 

Equation (30) and (31) imply that the mass flux statistics can be evaluated as con

ditioned on a given value of T with variability in /3 only. In Figure 7.1 we illustrate the 

correlation between /3 and T for realizations of the kinematic flow path similar to the 

ones described in Section 4.1. Thus for a fixed T, a distribution of /3 is obtained that is 

evaluated by the conditional pdf g(/3 I T). Using the Bayesian theorem on conditional 

probabilities, we can write: 

(46) 

Thus the joint pdf h(/3, r; x1 ) that controls the mean and variance of the retarded mass 
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flux in (28) and (29), can be obtained from the groundwater residence time distribution 

g(r; x1), and the conditional pdf g(/3 I r). Figure 7.1 clearly indicates the uncertainty 

in /3 for a given T which is reflected in the uncertainty of the mass flux of Section 5.1. 

Thus an important topic for future analysis is the computation of the conditional pdf 

g(/3 I T) for general flow conditions in a fracture of spatially variable aperture. 

7 .2 Characterization of retention mechanisms 

If surface sorption is negligible (Kf = 0), we can define one single parameter that 

controls the retention of tracers in a fracture as 

K,* = K/3 = BjDRm /3 ( 4 7) 

The parameter K* summarizes in a simple and transparent manner the influence of 

different processes on retention. It is a product of two parameters, /3 and K. K- is tracer

dependent and is a function of the physical/ sorption properties of the rock matrix, but 

is independent of the flow; K- is assumed measurable in the laboratory from rock samples 

and for a given tracer. By contrast, /3 is independent of the tracer, and is entirely 

dependent on the flow. In the general case, /3 is a scale-dependent, Lagrangian quantity 

expressed as a function of fluid (nonreactive tracer) residence time, dependent on the 

inverse fracture aperture as integrated along a flow path. 

Under idealized conditions of tracer transport along a single flow path, the parameter 

/3 can be readily determined from a tracer test using the cumulative mass flux, either 

from a pulse, or a continuous injection, as discussed in Section 6. In particular, from 

two measured values of t1, we can compute both r and /3 for given K. For realistic 

conditions, a tracer test is conducted under stress (pumping) where the cumulative 

breakthrough would include several flow paths (see e.g. Selroos et al., 1994). In such 

cases, we need to characterize/ estimate the distributions of r and /3 rather than single 

values. This can in principle be done by deconvoluting the cumulative mass flux, and 

using tracers with different K- values. The correlation between T and /3 is of particular 

interest in this context. The expression for /3 provides the possibility for establishing the 

conditional pdf g(/3 I r) using systematic, relatively straightforward simulations of flow 

and advective (nonreactive) transport; such simulations would complement the ongoing 

field investigations within TRUE at Aspo designed for the characterization of retention 

mechanisms ( Winberg, 1994). 
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7.3 Performance assessment 

Equations (28) and (29) quantify the mass flux statistics on any scale, in which moments 

of h(/3, T; x1) (or of g(/3 I T) and g(T; x1)) need to be appropriately defined. For large 

scales, the transport is conceptualized as extended flow paths through a 3D network of 

2D fractures (Figure 2.3), and (28) and (29) can be used for Performance Assessment 

(PA). The important feature of the parameter /3 for PA is its random nature and scale

dependence. Thus the key issue for implementation is how the statistics of /3 can be 

extrapolated from scales of a few meters on which measurements/characterization can 

be made, to scales of few hundreds of meters for PA. A realistic and practical strategy to 

achieve the scale transition can be made by combining field scale tracer tests ( up to say 

10m) with numerical simulations of flow and mass transport in fractures and fracture 

networks. 

Of particular interest for PA are the simple expressions for the statistics of the time 

of mass fraction arrival derived in Section 6. These results can be extended to account 

for radioactive decay, as well as to incorporate the uncertainty in the time of failure, t0 . 

Expressions of the type ( 40) can be derived for these more general conditions, and used 

for a simple and quick assessment of the impact of a repository on the biosphere for given 

scenarios. The moments of mass fraction arrival time t<I> depend on the (joint )moments 

of T and /3, of up to fourth order ( see ( 44)). These moments may be difficult (if not 

impossible) to determine directly from field measurements. However, numerical simu

lations with currently available models can be used for a statistical estimation of these 

moments. It is emphasized that /3 depends only on the flow field, and hence can be 

simulated using relatively standard simulation codes for nonreactive tracer transport in 

fractures and fracture networks. 

Finally, block scale experiments within TRUE combined with the nonreactive simu

lations through fracture networks should provide an indication on the upscaling of the 

parameter /3 that can be used for PA. 
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Figure 7.1 Scattergram visualizing the correlation between /3 and T for 500 flow path 
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8 Summary 

The effect of variability in fracture aperture on advection coupled with matrix diffusion 

and surface sorption has been analyzed with respect to possible influence on tracer 

mass flux. An analytical mass flux solution incorporating advection and mass transfer 

(surface sorption and matrix diffusion combined with matrix sorption) is derived for a 

single flow path using a Lagrangian approach following the methodology by Cvetkovic 

and Dagan (1994, 1996). The solution is dependent on two parameters: the residence 

time T ( conservative travel time) and a parameter (3. For natural flow paths through 

heterogeneous media, both /3 and T are Lagrangian random variables. Using the two 

parameters /3 and T, an effective half-aperture is defined, a "mass balance aperture" 

in the terminology of Tsang (1992). The analytical solution is applicable for general 

two-dimensional flow in fracture planes with spatially variable aperture. 

The analytical result is applied using a kinematic prototype of a flow path that 

extends the simplified model proposed by 0. Olsson in Olsson et al. (1995). For the 

simplified flow path geometry, the parameter (3 is equal to the surface area in contact 

with the rock matrix, normalized by the fluid volumetric flux. The flow path width and 

aperture are spatially variable and defined through random space functions. For flow 

paths with a constant width and only varying aperture, it is shown that the parameter /3 

is a constant value; for this case the tracer flux moments are based on only one random 

variable, i.e. T. 

Based on the underlying random space functions defining prototype flow paths, the 

first two moments of (3 and T ( expected values, variances and covariance) are derived 

analytically in an exact manner. The results are expressed in integral form and are eval

uated through quadrature. The assumption of width and aperture correlation models 

with finite correlation ranges has been assessed through an alternative use of self-similar 

correlation models with infinite correlation ranges. The results using self-similar corre

lation models show wider (3 and T distributions, i.e. larger second moments of (3 and 

T for given aperture and width variability (Appendix, 9.2). The results based on the 

self-similar model may provide indications on the (3 and T statistics for more complex 

problems. 

Solute flux moments have been derived hypothesizing probability density functions 

for the two random variables /3 and T. The effect of variability in /3 and the residence 

time, T, on the mass flux is assessed by evaluating the mass flux moments using univariate 

pdfs for (3 and T, respectively. It is shown that the quantitative effect of variability in 
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/3 is considerably larger on the mass flux moments than the corresponding variability 

in T. Furthermore, it is shown that the qualitative effect of variability in /3 and T on 

the mass :flux moments also differ; variability in /3 results in an expected mass flux with 

a pronounced peak larger than the peak of the corresponding deterministic mass flux, 

whereas variability in T results in a temporally more spread mass flux with a lower 

peak than that of the deterministic mass :flux. However, for the analyzed cases with 

low variability ( o-} = o-} = 0.15), the difference between the expected and deterministic 

mass fluxes is minor. The different effects of surface sorption, and matrix diffusion 

combined with sorption, has been investigated. Surface sorption primarily implies a 

mere translation (delay) of the breakthrough curve, whereas matrix diffusion results in 

a breakthrough curve with pronounced tailing. 

Moments of the time of arrival of a particular mass fraction, t<I>, have also been 

derived. These moments are obtained directly from the moments of /3 and T ( up to 

fourth order) without hypothesizing a probability density function. It is shown that 

/3 has a stronger influence on the moments of t<I> than r has. Furthermore, a non-zero 

sorption parameter K implies larger prediction uncertainties than in the nonreactive case. 

The presented results are valid for a single flow path, i.e. the expected tracer flux 

is the mean flux from an ensemble of flow paths following the same width and aperture 

variability, and the flux variance expresses the mass flux prediction uncertainty. How

ever, the results (28) and (30) can also be used for the case where multiple flow paths 

contribute to the resulting mass flux. For this case the residence time pdf is the real 

measured water residence time distribution, i.e. fully ergodic conditions prevail (e.g. 

Dagan, 1990, 1991; Selroos and Cvetkovic, 1994; Selroos, 1995). Correspondingly, the 

pdf of /3 represents all /3-values of the ensemble of contributing flow paths. The expected 

tracer flux is then the flux which would be measured, and the flux variance is equal to 

zero. 

The obtained results can be used for characterization of matrix diffusion under field 

conditions. Specifically if only one flow path is investigated, the conservative travel time, 

T, in combination with t<I> and ;., provides a possibility to estimate /3. Alternatively, two 

values of t<I> in combination with ;., provides the possibility to estimate both /3 and T. 

For experimental conditions where several :flow paths are sampled, an effective /3-value 

can be estimated based on the conservative residence time distribution ( conservative 

breakthrough), on Kand on the reactive breakthrough. Using the effective /3-value, pre

dictions can be made for other tracers ( different ;.,-values) and other flow rates ( different 

q-values) as long as all tracers follow the same flow paths. 
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If a prediction of a reactive breakthrough is to be made for another flow path based 

on the knowledge of "' and moments of T, the moments of /3 and correlation between /3 

and T have to be assumed. Thus it is of interest to analyze the correlation pattern for 

various experimental conditions in numerical simulations of flow and mass transport. 

The main relevance of the obtained results for Performance Assessment is the ad

ditional prediction uncertainty implied by the random nature of /3. The results show 

that the statistics of /3 more strongly affect the predictions of reactive travel times than 

the statistics of the conservative travel time T does; thus the assumption of an effective 

/3-value in Performance Assessment studies may imply unconservative predictions. One 

of the main issues to be addressed with regard to Performance Assessment is if corre

lation patterns obtained between /3 and T at experimental scales are valid or can be 

extrapolated to the larger scales that usually are of interest in safety assessment studies. 

However, small scale (5m) and block scale (50m) field experiments in combination with 

numerical simulations may provide indications on possible methods for scale transitions. 
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9 Appendix 

9.1 Analytical solution for the mass flux 

The solution for, is obtained by taking the Laplace transform of (15), (16), and (19). 

A system of equations in the Laplace domain is obtained as 

for X3 = 0, X1 > 0 ( 48) 

for X1 > 0 (49) 

for (50) 

where the circumflex denotes the Laplace transform, p is the Laplace transform variable, 

and p' - (pRm/ D)112 • The solution of ( 49) is N* = S exp (-p'x3 ) whereby ( 48) with 

(50) reduces to 

where"''= 0D. 

The transformed boundary and initial conditions are 

for 

N* finite as X3---+ 00 

N* and S finite as x 1 ---+ oo 

Integration of (51) with (52) yields 

S = Po exp [-p( T + J3KJ)] exp (-K' /Jp') 

(51) 

(52) 

(53) 

where /J is given in (24) and T is given in (26). Inversion of (53) yields ( Carslaw and 

Jaeger, 1959) 

S ( t, T) = Po 1 ( t, T; /J) (54) 

where I is given in (21 ). 
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9.2 Analytical moments of f3 and r 

Inserting the second expression (32) into the definition of /3 (24) yields 

WG 1X1 /3 = - exp [o:Y (x) + Z (x)] dx 
q 0 

(55) 

Recognizing that Y and Z are normally distributed and uncorrelated, the first two 

moments of /3 are obtained using the standard relationship between moments of normally 

and lognormally distributed variables. Thus the expected value of /3 in (36) is obtained 

as 

(56) 

and the variance of /3 in (37) as 

(57) 

where x = Ix~ - xtl-
The residence time moments are derived analogously to the moments of /3 above. 

Inserting the expressions for b and w in (32) into the expression for the residence time 

(26) yields 

bawa 1x1 

T (x1 ) = -- exp [(o: + 1) Y (x) + Z (x)] dx 
q 0 

(58) 

Using the relationship between moments of normally and lognormally distributed vari

ables, the first moment of T in (38) is obtained as 

and the variance in (39) as 

2 ( ) 2b't;wb [( )2 2 2 ] crT x1 = 2 exp o: + 1 cry+ crz 
q 

• fox 1 (x1 - x) [exp [(o: + 1)2 Cy (x) + Cz (x)] - 1] dx 

where x = Ix~ - x~I-
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The coefficient of correlation between /3 and -r is obtained as 

( ) _ ( ) / [ ( ) ( )] exp [cov [B (x1), T (x1)]] - 1 (6l) 
Pf3r X1 = a13r X1 a13 X1 a7 X1 = J J 

exp ( a13) - 1 exp (a}) - 1 

where B (x1 ) = fcf 1 [aY (x) + Z (x)] dx and T (x1 ) = Jrf1 [(a+ 1) Y (x) + Z (x)] dx. The 

covariance between B and Tin (61) is obtained as 

r1 r1 
- Jo < B ( x') > dx' Jo < T ( x') > dx' 

(62) 

= lxi lxi < [aY (x') + Z (x')] [(a+ 1) Y (x") + Z (x")] > dx'dx" 

= 2 lax1 (x1 - x) [a (a+ 1) Cy (x) + Cz (x)] dx 

where x = /x~ - xr/. The variance of Bin (61) is obtained as 

rx1 rx1 [ rx1 ] 2 

a1 (x1) = lo lo < B (x') B (x") > dx'dx" - Jo < B (x') > dx' 

r1 rx1 
= Jo Jo < [aY (x') + Z (x')] [aY (x") + Z (x")] > dx'dx" (63) 

= 2 fox 1 (x1 - x) [a2Cy (x) + Cz(x)] dx 

where x = Ix~ - xrJ. The variance of T is obtained correspondingly to (63) with the 

constant a 2 in front of Cy replaced by ( a + 1 )2. 

Flow paths with finite correlation length 

In Figure Al the resulting /3- and -r-ensemble moments are presented for the same 

flow path statistics that were shown in Figure 4.2 as individual realizations. In Figure 

Ala the coefficient of variation CV13 (x1) = a13 (x1) //3 (x1) is presented. In Figure Alb 

the corresponding coefficient of variation CV 7 ( x1 ) is presented. In Figure Ale the 

coefficient of correlation between /3 and T, P/3r ( x1 ), is presented. Depending on the 

spatial correlation model adopted, either (33) or (34) is used in the evaluation of the 

variances (57) and (60). 

For the reference case it is assumed that the aperture and width statistics are iden

tical. The variances are a} = a} = 0.15, the correlation distances of the exponential 
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spatial correlation models are ay = az = ar, and the correlation parameter is a = 0. 

It is observed in both Figure Ala and Al b that the CV s decrease with distance; since 

the expected values are linear functions of distance, the standard deviations grow non

linearly with distance with an exponent less than one. The coefficient of correlation 

between /3 and T is independent of distance (Figure Ale). 

Doubling the width correlation distance az yields higher CVs for both /3 and T. With 

a longer correlation distance, less of the ensemble statistics is embedded in a single flow 

channel, and hence the flow channel integrated entities are more uncertain. Furthermore, 

P!fr increases with distance for the case with an increased correlation distance az (Figure 

Ale). With reducing az-values, opposite features are observed. 

When the width and aperture are correlated through the parameter a, a larger CV (3 

is obtained. The effect of the introduced dependence of the width on the RSF Y is thus 

a larger uncertainty in /3. This follows from the fact that less of the ensemble statistics 

of /3 is embedded in a single flow path realization when the width is a function of two 

independent, rather than one, RSFs and thus exhibits more variability. The residence 

time variability is reduced for a= -1 and increased for a= +l (Figure Alb). The 

negative a-value, implying relatively larger widths for smaller apertures and vice versa, 

tends to yield residence times of the same magnitude in different realizations and thus 

results in a smaller residence time uncertainty. A positive value has an opposite effect 

on the residence time variability; furthermore, Pf3r increases dramatically for the positive 

a-value (Figure Ale). The latter phenomenon is rather intuitive; when both the width 

and aperture show large values at the same locations along the flow path, /3 and T show 

stronger correlation since both are dependent on both width and aperture. For a = -1, 

the same correlation between /3 and T is obtained as in the reference case. 

Increasing the variance of Z to oJ = 0. 75 results in larger CV (3 using both the 

exponential and Gaussian spatial correlation models for Z (for the Gaussian model the 

correlation distance is az = v'3ar ). Thus, with more variability along the channel, the 

uncertainty in the parameter /3 increases. For short distances ( x 1 < 3ar), the exponential 

and Gaussian models yield CV (3 with different shapes. Moreover, the magnitude of the 

Gaussian CV (3 is larger at all distances. These features follow from the difference in 

spatial correlation functions as seen in Figure 4.1. Similar effects are seen for CV T when 

Y is given by the same statistics as Z. However, the coefficient of correlation, P/3r, is 

not affected by the increased variances for either the exponential or Gaussian models, 

but is identical to the reference case. 

When the variability is increased by assuming either o-} = 0.75 and o-} = 0.15, 

42 



or by assuming a-} = 0.15 and a-} = 0.75, a CVr with intermediate magnitude is 

observed compared to the cases where both variances are given by a} = a} = 0.15 or 

by a}= a!= 0.75. This is shown in Figure Alb for the exponential model. Variability 

in aperture and width thus have the same quantitative effect on the residence time 

prediction uncertainty; this follows directly from the residence time definition (26) where 

T is given as linearly dependent on both width and aperture. The effect of different 

aperture and width variability on the correlation coefficient is shown in Figure Ale; a 

reduction in either a} or a} results in a smaller but spatially constant P/3-r· 

In these illustration examples, a number of different parameter combinations have 

been analyzed. Other combinations could also be constructed. A change in the half

aperture correlation distance ay will leave the ,8-distribution unchanged if a = 0. An 

increase in ay results in a larger residence time variance and in a lower correlation 

between ,8 and T if a = O; the opposite is true for a decrease in ay. 

Self-similar flow paths 

The spatial correlation models adopted above for the half-aperture and width, i.e. the 

exponential and Gaussian models, are both characterized by finite correlation ranges. 

This implies that the width at two locations separated by a distance significantly larger 

than the correlation range exhibits zero correlation. However, one could hypothesize that 

both the flow path aperture and width in fractures have extended correlation structures 

and are characterized by self-similarity. 

Fractional Gaussian noise (fGn) is characterized by a spatial covariance function with 

self-similar properties (Mandelbrot and Van Ness, 1968; Cvetkovic, 1991) 

a2 (lr 12H lrl2H lr 12H) 
C (r) = 2 ~ + 1 - 2 ~ + ~ - 1 (64) 

where H is the Hurst exponent, and c is a smoothing parameter. For large values of 

r/c:, (64) is proportional to r and does not dependent on c. We shall for simplicity 

assume c = 1. In Figure A2 the correlation function C(r)/C(0) = C (r) /a2 is presented 

for different values of the Hurst exponent H. In the limit H = 1 perfect correlation 

exists between all values, and C (r) = a2 for all r. Applied to the flow path width 

and aperture, this would imply a flow path with constant, but uncertain, width and 

aperture. Thus a uniform, rectangular channel model is obtained (e.g., Neuzil et al., 

1981; Neretnieks, 1982). For decreasing values of H, correlation functions with smaller 

magnitude of correlation are obtained, although the correlation ranges are still infinite. 
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In Figure A3a and A3b the resulting CV f3 and CV r are shown for a set of different 

parameter combinations where both the half-aperture and width spatial correlation func

tions are given by the fGn-model. The second moments of f3 and T have been evaluated 

analytically using (64) in (57) and (60). The main observation in Figure A3a and A3b 

is that the CVs do not decay with distance. Furthermore, the CVs are insensitive to the 

exponent H in the range 0.5 < H < l. For a value H = 0.2, only small decreases in the 

CV s are obtained. This is explained by the fact that the spatial correlation functions 

never reach zero even for small values of H. 

An implication of the results shown in Figure A3a and A3b is that the individual 

realizations contain less of the ensemble statistics as the correlation distance is infinite. 

In the limit H = l, each realization contains only one width value and one aperture 

value, thus resulting in large ensemble uncertainty of f3 and T. Since the CV s of the fGn 

model do not depend strongly on distance, the variances of /3 and T are larger than the 

corresponding variances for the exponential and Gaussian correlation models in Figure 

Ala and Alb for increasing xrvalues. It is observed that CVf3 (x1 = 0) = 0.4 in Figure 

Ala and A3a when oJ = 0.15 and a = 0, i.e. the same CV as that of the assumed 

underlying flow path variability (CV w = ✓exp (0.15) - 1 = 0.4). 

The effects of the parameter a and variances a} and oJ on CV f3 and CV r are also 

exemplified in Figure A3a and A3b. The same magnitude changes as in Figure Ala and 

Al b are observed; however, in Figure A3a and A3b the CV s do not decay with distance. 

The correlation between f3 and T is independent of distance for the cases considered in 

Figure A3a and A3b; furthermore, a = l implies an increased correlation between /3 and 

T. 

9.3 Moments of /3 and T obtained by first-order expansion 

A first-order perturbation (expansion) approach resulting in closed-form solutions of the 

variances and higher order moments is conducted for cases with small variability in Y 

and Z (o-2 < 1). The closed-form solutions of the variances are primarily of interest in 

that they are based on approximations frequently used for more complex systems where 

exact solutions are not available. For the simplified flow geometry considered in the 

current illustration example, the effect of the adopted approximations may be assessed 

quantitatively by comparing the expansion results with the exact analytical solutions. 

Furthermore, exact solutions are not available for the higher order moments used in 

Section 6; the accuracy of the variances provides an indication of the robustness of the 

higher order moments. 
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The second moment of j3 is obtained by applying the expectation operator on the 

squared fluctuations of /3, a-i (x1) =< /3' (x1) /3' (x1) > where /3' = J3 - ~- Using a first

order expansion analysis, the width is approximated as w ( x1 ) = wa exp [a Y ( x1 ) + Z ( x1 )] 

~ wa [1 + Z (x1) + aY (x 1 ) + aY (x1) Z (x1)]. When evaluating the fluctuation /3', the 

mean value ~ = waxi/ q is used. Developing the expression for /3' using the expanded 

expression for w, and applying the expectation operator on the squared expression yields 

w21x1 1x1 
cri (x1 ) = ; < a 2Y (x') Y (x") dx'dx" + Z (x') Z (x") > dx'dx" 

q O 0 

(65) 

2wb 1x1 2 
=- (x 1 -x)a Cy(x)+(x1 -x)Cz(x)dx 

q2 0 

where Cz and Cy are the covariance functions for Z and Y, respectively, and x = 

Ix~ - x~I- Inserting the exponential covariance expression (33) for both Z and Y into 

( 65) yields the second moment of j3 

= 2;zb [a2 cr} [x1ay + a} (exp (~:1)-1)] +er! [x 1az+a~ (exp (~;1
)- 1)]] 

(66) 

The closed-form expression for the variance of T is obtained by a first-order approx

imation of the product between the half-aperture and width according to 

~ bawa [1 + Z (x1) +(a+ l) Y (x1) +(a+ l) Y (x1) Z (x1)] 

Applying the expectation operator on the square of the fluctuations r' = T - 7f, where 

7f = bawaxi/ q, yields 

a-;(x1)= wb:b rxi rxi < (a2 +2a+l)Y(x')Y(x")+Z(x')Z(x")>dx'dx" (67) 
q lo lo 

It is observed that the only difference between (67) and the first expression in (65) is the 

constant terms in front of Y ( x') Y ( x") and Z ( x') Z ( x"); consequently the rest of the 

development of the second moment of r is identical to the development of the second 

moment of J3 above. The result is finally obtained as 
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(68) 

In order to evaluate o-;4' in (44), the fourth-order moment {34 and the third-order 

cross moment {3 2T have to be computed. Using the same approximation for the width 

as in the development of 0'%, the fourth-order moment is obtained using similar steps as 

above as 

/3' (x,) = ( w:x,) 
4 + 6 ( ~G) 4 

x1 [' [' a2Cy (x' - x") + Cz (x' - x") dx'dx" 

+3 ( ~G) 4 [f f a2Cy (x' - x") dx'dx"J' + 3 ( 7) 4 [f f Cz (x' - x") dx'dx"]' 

(69) 

where the double integrals over Cy and Cz are evaluated as in (65) and (66). 

The third-order cross moment is obtained as 

{327 (x,) = CG~GXI r + 3 CG:G r x, ['['a (a+ 1) Cy (x' - x") + Cz (x' - x") dx'dx" 

(70) 

where the double integrals over Cy and Cz are evaluated as in (65) and (66). 

In Figure A4a an assessment of the validity of the first-order expansion results is 

performed. A comparison between the first moment of f3 given by the exact analytical 

result (56) and the expansion result fi = waxi/ q is presented in Figure A4a. In Figure 

A4b a comparison between the exact analytical second moment 0'% in (57) and the 

corresponding expansion result (66) is made. The effect of different variability in Z on 

the moments is analyzed; for all cases a = 0. 

The linear relationship between fi and x1 is clearly observed in Figure A4a. For 

increasing O'} the slope of the analytical result becomes steeper. However, the expansion 

result is independent of the variance of Z. Thus the error in the expansion result increases 

with increasing O'i. With a -=I- 0 the error in the expansion result would be even greater. 

The variance of /3 also increases with distance (Figure A4b ). The expansion result 

incorporates the feature of larger variances in /3 for increasing variability in Z. However, 

it is clearly observed that the expansion result is valid only for O'! ~ 1; the error increase 

46 



of the expansion result is dramatic when increasing aJ from 0.15 to 0.75. Similarly to 

the first moment, the error in the second moment increases when a =f. 0. 

The first-order expansion moments of T behave similarly to the ones of {3. However, 

since the variance of T is larger than that of /3 if a > -1/2, the error in the expansion 

approximation will also be larger for T than for /3 for these cases. The accuracy of the 

higher-order moments of /3 and the cross-moments between /3 and T can not be assessed 

directly since exact analytical solutions are not available. However, the comparison 

between the exact analytical and expansion results for the first two moments provide 

indications on the accuracy of the adopted simplifications for the higher order moments. 
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Figure A3 Coefficient of variation for a) parameter /3, and b) residence time T 

for flow paths based on the Self-similar spatial correlation model. 
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